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Abstract

The symmetry breaking phenomenon for a general Helmholtz–Duffing oscillator as a function of a symmetric
parameter in the nonlinear force is investigated. Different values of this parameter convert the general oscillator into
either the Helmholtz or the Duffing oscillator. Due to the variation of the symmetric parameter, the phase space pat-
terns of the unperturbed Helmholtz–Duffing oscillator will cause a huge difference between the left-hand homoclinic
orbit and the right-hand one. In particular, the area of the left-hand homoclinic orbits is a strictly monotonously
decreasing function, while the area of the right-hand homoclinic orbit varies only in a very small range. There exist dis-
tinct local supercritical and subcritical saddle-node bifurcations at two different centers. The left-hand and the right-
hand existing regions of the harmonic solutions of the Helmholtz–Duffing oscillator created by the left-hand and the
right-hand saddle-node bifurcation curves will lead to different transition in the amplitude–frequency plane. There
exists also a critical frequency which has the effect that the left-hand homoclinic bifurcation value is equal to the
right-hand homoclinic bifurcation value. And, if the amplitude coefficient of the Helmholtz–Duffing oscillator is used
as the control parameter, and it is larger than the same left-hand and right-hand homoclinic bifurcation, then the global
stability of the system will be destroyed at a lowest cost. Besides this critical frequency, the left-hand and the right-hand
homoclinic bifurcations are not only unequal, but also their effects for the system’s stability are different. Among them,
the effect resulting from the small homoclinic bifurcation for the system’s stability is local and negligible, while the effect
from the large homoclinic bifurcation is global but this is accomplished at a quite larger cost.
� 2006 Elsevier Ltd. All rights reserved.
1. Introduction

There are many phenomena and real applications related to the symmetry breaking phenomenon [1–5] in the fields
of scientific research and engineering. For instance, a ship dynamics will be affected under the action of waves and the
unbalance cargo [1]; in the electric power system, the users of a local and global electrical grid are always unbalanced
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during different periods of time [6–9]. In addition, the simplest physical platform concerning the symmetry breaking can
be designed as follows [10]: a small ball (or a particle) is placed in an asymmetric double-well potential with the base
vibrating harmonically. The asymmetric two-well potential has two equilibria when the base does not vibrate. When the
base vibrates periodically with a large enough amplitude, the small ball will jump from one well to the other in an
apparently random manner. Due to the asymmetry of the double-well potential, the system may exhibit much more
complicated dynamical behaviors, for example, at least two types of motion can be observed (they can be either regular
or chaotic): (a) the oscillation confined to one of the potential wells; and (b) the rotation or cross-well motion, when the
small ball escapes out of the potential well overcoming the potential barrier.

Over the past decades, concerning the study about the symmetry breaking phenomenon of the nonlinear oscillator,
the following works attract our attention. In 1994, Yagasaki [11] considered the following pendulum oscillator:
_x ¼ y;

_y ¼ � sin x� axþ b� dy þ c cosðxtÞ:
ð1Þ
Eq. (1) includes a parameter b 5 0, so that the unperturbed system of Eq. (1) possesses a pair of asymmetric homoclinic
orbits with respect to fixed parameters a and b. By using the Melnikov method, Yagasaki obtained two different homo-
clinic bifurcations.

Litvak-Hinenzon and Rom-Kedar [12] considered another oscillator
_x ¼ y;

_y ¼ x� x3 � dy þ ðx� bx2Þc cosðxtÞ;
ð2Þ
in which there is a parameter b associated to the asymmetric periodic perturbation. Their investigation shows that the
bifurcations and strange attractors of Eq. (2) will produce the substantial changes when the parameter b varies.

Recently, Lenci and Rega [13,14] considered the Helmholtz–Duffing oscillator as follows:
_x ¼ y;

_y ¼ rxþ 3

2
ðr� 1Þx2 � 2x3 � dy þ c cosðxtÞ:

ð3Þ
Eq. (3) is also an asymmetric oscillator when the asymmetric parameter r 5 1. In [13,14], the main goal of Lenci and
Rega is to control the asymmetric left-hand or/and right-hand homoclinic bifurcations using the optimal control
technique.

In addition, Almendral et al. [15] and Almendral and Sanjuán [16] considered the simplest asymmetric nonlinear
oscillator which is the nonlinear Helmholtz oscillator. The main result is to obtain the corresponding symmetries
and conditions for the complete integrability of the system when a linear damping is considered.

An interesting analysis of the effect of nonlinear damping on the Helmholtz oscillator was carried out in [17].
Although much more progress have been made in the study for the symmetry breaking phenomenon of the nonlinear

oscillators, new problems are always appearing. We can often see the latest reports about the symmetry breaking in the
scientific literature. But, few of these reports consider the deep reason leading to the symmetry breaking in nature, and
most of them are limited in the reports for various exterior forms of the symmetry breaking.

Based on these reasons above, we consider the following nonlinear oscillator as an archetype in this paper
€xþ d _x� xþ ð1� rÞx2 þ rx3 ¼ c cosðxtÞ; ð4Þ
or its equivalent form:
_x ¼ y;

_y ¼ x� ð1� rÞx2 � rx3 � dy þ c cosðxtÞ;
ð5Þ
where dy stands for the damping term with the damping coefficient d. Let f(x) = rx3 + (1 � r)x2 � x, and f(x)
denotes the nonlinear force with a symmetric parameter r; ccos(xt) is an external periodic forced term with the periodic
T = 2p/x.

When r = 1, Eq. (5) is a classical Duffing oscillator, while Eq. (5) becomes a Helmholtz oscillator with a single-well
potential when r = 0.

As a general model, Eq. (5) is of very obvious physical meaning appearing in different disciplines. For example, in
the study of the single model dynamics of a one dimensional structural systems with an initial curvature [18], such as
shallow arches, the system dynamics can be modelled as the similar form as Eq. (5). In the study of ship roll dynamics
[19], Eq. (5) may represent the model with a constant wind load or an imbalance in cargo loading. In addition, some
electrical circuits can also be simulated by the similar model as Eq. (5) [6–9].
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When r 5 1, Eq. (5) is not invariant under the transformation of
x 7! � x; t 7! t þ p
x
; ð6Þ
thus, we call Eq. (5) an asymmetric Helmholtz–Duffing oscillator.
By investigating the paradigmatic Helmholtz–Duffing oscillator, the goal of this paper is to establish a function rela-

tionship between the symmetry breaking phenomenon and the symmetric parameter. In such a way, we wish to give a
unified view of the symmetry breaking behaviors of several oscillators. Concerning this main idea, the following unsolv-
able problems will be considered: (i) for the phase space patterns of the unperturbed system of Eq. (5), what happens
when the parameter r varies? (ii) how to measure qualitatively and quantitatively the difference between the distinct left-
hand and right-hand homoclinic bifurcations of Eq. (5)? (iii) when there exist the distinct left-hand and right-hand
homoclinic bifurcations of Eq. (5), what results will happen corresponding to the symmetry breaking phenomenon?
(iv) what relationship exists between the symmetry breaking phenomenon and the system’s local and global instabilities?

The rest of this paper is organized as follows: Section 2 presents some properties of the unperturbed system of Eq. (5)
corresponding to various parameter values of r. Section 3 discusses the local bifurcations of Eq. (5) at two different
centers when r 5 1. In Section 4, a detailed Melnikov analysis is given. In Section 5, a theoretical analysis is verified
by numerical simulations on several concerned issues including the patterns of stable and unstable manifolds and the
basins of attraction. Conclusions are given in Section 6.
2. Analysis of the unperturbed Helmholtz–Duffing oscillator

The unperturbed system of Eq. (5) is as follows:
_x ¼ y;

_y ¼ x� ð1� rÞx2 � rx3
ð7Þ
with the potential function
V ðxÞ ¼ � x2

2
þ 1� r

3
x3 þ r

4
x4: ð8Þ
Thus, Hamiltonian function associated to Eq. (7) is
Hðx; yÞ ¼ y2

2
� x2

2
þ 1� r

3
x3 þ r

4
x4: ð9Þ
For the unperturbed system, (Eq. (7)), when r 5 0, there exist three fixed points: (0,0) is a hyperbolic saddle point,
(x�1,0) = (�1/r, 0) and (x1,0) = (1,0) are two different centers. When r = 0, there are only two fixed points for Eq. (7),
where (0,0) is still a hyperbolic saddle point, but (x1,0) = (1,0) is a unique center.

Note that when r 5 0, the saddle point (0,0) and the right-hand center (1,0) are always fixed, but the position of the
left-hand center (�1/r, 0) can be changed along the x-axis back and forth by increasing or decreasing the parameter r.
In particular, only in the case r = 1, the left-hand center is symmetric to the right-hand center.

Suppose that H(x,y) = 0, which denotes the homoclinic orbits of the unperturbed system through the saddle point
(0,0), then we can solve the two intersection points between the homoclinic orbits and the x-axis as follows:
xl;r ¼
2ðr� 1Þ �

ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2r2 þ 5rþ 2
p

3r
; ð10Þ
where and throughout this paper, the letters ‘‘l’’ and ‘‘r’’ stand for the left-hand side and the right-hand side,
respectively.

The total energy or the Hamiltonian function value through the saddle point (0,0) is H(0,0) = 0. When H < 0, there
exist two families of periodic orbits inside the left-hand side and the right-hand side of homoclinic orbits, respectively.
They correspond to the oscillations inside the homoclinic orbits of the unperturbed system; when H > 0, there exist
another family of rotations outside the homoclinic orbits of the unperturbed system. Usually, the internal oscillations
are stable in the absence of damping and periodic perturbations. But, under the perturbation of damping and periodic
forced terms, the internal oscillations could escape from the potential wells of the system.

In order to measure qualitatively and quantitatively the sizes of the left-hand and the right-hand potential wells when
the parameter r varies, the two minima of the potential function V(x) are obtained as follows:
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V min
l ðx�1Þ ¼ �

1

6r2
þ 1

12r2

� �
; V min

r ðx1Þ ¼ �
1

6
þ r

12

� �
: ð11Þ
The distance between these minima and the x-axis can be measured by the following formulae:
d l ¼ V min
l ðx�1Þ

�� �� ¼ 1

6r2
þ 1

12r2
; dr ¼ V min

r ðx1Þ
�� �� ¼ 1

6
þ r

12
: ð12Þ
And it is easy to get the following conclusion:
lim
r!0þ

V min
l ðx�1Þ ¼ �1; lim

r!þ1
V min

l ðx�1Þ ¼ 0;

lim
r!0þ

V min
r ðx1Þ ¼ �

1

6
; lim

r!þ1
V min

r ðx�1Þ ¼ �1:
ð13Þ
Therefore, the four cases can be divided into: (i) if r = 0, then Eq. (5) corresponds to the oscillator with the single
potential well; (ii) if 0 < r < 1, then dl > dr, which means that the size of the left-hand potential is larger than the right-
hand one; (iii) if r = 1, then dl = dr, which means that the size of the left-hand potential and the size of the right-hand
one are the same; (iv) if r > 1, then dl < dr, which means that the size of left-hand potential is less than the right-hand
one. In addition, the larger the r, then the lesser the size of the left-hand potential well. Otherwise, the lesser the r, then
the larger the size of the left-hand potential well. While, the right-hand case is different with our common sense. Cor-
responding to the four cases listed above, some representative potential functions and phase space portraits are pre-
sented in Figs. 1 and 2.

Due to the various scales used in Fig. 2, it is hard to compare their sizes of the left-hand and right-hand potential
wells with respect to different parameter values r. So the area curves of the left-hand side and the right-hand side of the
potential wells are shown in Fig. 3, in which, the left-hand and right-hand areas Al and Ar can be obtained by comput-
ing the following integrals:
Al ¼ 2

Z 0

xl

yl
0 dx; Ar ¼ 2

Z xr

0

yr
0 dx; ð14Þ
where yl
0 and yr

0 denote the left-hand and the right-hand homoclinic orbits of the unperturbed system, respectively.
Seen from Fig. 3, the solid line stands for the left-hand areas of the potential wells when the parameter r varies in the

range [0,4]. With the increase of the parameter r, the area curve of the left-hand potential well is a strictly monoto-
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Fig. 1. Potential functions with respect to various values of parameter r.
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Fig. 2. Phase space portraits with respect to various values of parameter r.
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nously decreasing function, and especially tends to infinity when r! 0+ and tends to zero when r! +1; the dotted
line denotes the right-hand areas of the potential wells, which is different with our observation in Fig. 2. The areas of the
right-hand potential wells will decrease slowly with the increase of r, and tends gradually to a relative fixed value
around 0.4. When r = 1, the left-hand and the right-hand areas of the potential wells are the same.

It demonstrates that the right-hand side areas of potential wells of the unperturbed system vary only in a very small
range around 0.4 no matter what values of r are taken. While corresponding to the areas of the left-hand potential
wells, when the symmetric parameter value r varies, there exists a huge difference, and especially at both ends when
r tends to zero or infinity. Thus, due to the variation of r, the phase space portraits of the unperturbed system will lead
to the severe symmetry breaking phenomena, and especially in the left-hand size of the potential well. Much attention
should be paid on the left-hand case of the Helmholtz–Duffing oscillator when r 5 1.
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3. Local bifurcation analysis

In this section, in order to investigate the local bifurcation of the system Eq. (5) as the symmetric parameter r varies
at two different centers of the unperturbed system, we consider the primary harmonic solutions of the Helmholtz–
Duffing oscillator when r 5 1 using the second-order averaging method [20]. The main idea of this method is to change
the non-autonomous dynamical system Eq. (5) into an autonomous dynamical system, then we may obtain the fixed
points of the autonomous dynamical system (therefore we obtain the harmonic solutions of the original system Eq. (5)).

We choose first one center (x0,0) of the unperturbed system, then the frequency of the periodic orbit near the center
is approximately by
x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
f 0ðx0Þ

p
; ð15Þ
where f ðx0Þ ¼ rx3
0 þ ð1� rÞx2

0 � x0. If the ratio of x and x0 is a rational number, then the resonance behavior may oc-
cur. Here, we consider only the case of the primary resonance x � x0.

Assume that
�X ¼ x2 � x2
0 ð16Þ
and
a1 ¼ f 0ðx0Þ; a2 ¼
1

2!
f 00ðx0Þ; a3 ¼

1

3!
f 000ðx0Þ: ð17Þ
Then under the transformation
x ¼ x0 þ
ffiffi
�
p

z: ð18Þ
Eq. (5) can be rewritten in the following form:
€zþ x2
0z ¼ �

ffiffi
�
p

a2z2 þ �½c cos xt � a3z3 � d_z� þ h:o:t; ð19Þ
where h.o.t stands for the higher-order terms.
Using the van der Pol transformation
u

v

� �
¼

cos xt � 1
x sin xt

� sin xt � 1
x cos xt

 !
z

_z

� �
; ð20Þ
and carrying out averaging up to second-order for Eq. (19), we obtain the following averaging equation:
_u ¼ �
2x0
½�dx0uþ Xv� b0ðu2 þ v2Þv�;

_v ¼ �
2x0
½�Xu� dx0vþ b0ðu2 þ v2Þu� c�;

(
ð21Þ
where
b0 ¼
9a1a3 � 10a3

2

12a1

: ð22Þ
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Via the polar coordinate transformation u = rcosh and v = rsinh, then Eq. (21) becomes
_r ¼ �
2x0
½�dx0r � c sin h�;

r _h ¼ �
2x0
½�Xr þ b0r3 � c cos h�:

(
ð23Þ
The fixed points of Eq. (20) satisfy the following equation:
GðmÞ ¼ b2
0m3 � 2Xb0m2 þ ðX2 þ ðdx0Þ2Þm� c2 ¼ 0; ð24Þ
where m = r2. And the stabilities of the fixed points of Eq. (21) can be determined by the sign of the two roots of the
equation:
m2 þ 2dx0mþ HðmÞ ¼ 0; ð25Þ
where H(m) = G 0(m).
In order to find the bifurcation values of the fixed points of Eq. (20) we write Eq. (24) as
F ðnÞ ¼ n3 þ pnþ q ¼ 0; ð26Þ
where
n ¼ mþ 2X
3b0

; p ¼ 3d2x2
0 � X2

3b3
0

; q ¼ 2X3 þ 18d2x2
0X� 27b0c

3

27b3
0

: ð27Þ
At the bifurcation points, Eq. (26) must have multiple roots, that is,
F ðnÞ ¼ 0;
oF
on
¼ 3n2 þ p ¼ 0: ð28Þ
If we eliminate n from Eq. (26), then there is the following equation for a cusp results:
D ¼ 4p3 þ 27q2 ¼ 27b2
0c

4 � 4b0XðX2 þ 9d2x2
0Þc2 þ 4d2x2

0ðX2 þ d2x2
0Þ ¼ 0: ð29Þ
In view of the asymmetry of Helmholtz–Duffing oscillator when r 5 1, there exist two different centers, so we dis-
cuss the left-hand side center (�1/r, 0) and the right-hand side center (1,0), respectively.

Case I. At the right-hand center (1,0).
We at first give some parameters related to the right-hand center (1,0) as follows:
a1 ¼ 1þ r; a2 ¼ 2rþ 1; a3 ¼ r;

b0 ¼ � 31r2þ31rþ10
12ðrþ1Þ < 0 ðr > 0Þ; x0 ¼

ffiffiffiffiffi
a1
p

:
ð30Þ
Obviously, these parameters are dependent on r.
If we fix d = 0.1, � = 0.1, and change X into ðx2 � x2

0Þ=�, then corresponding to various values of parameter r, we
have a supercritical saddle-node bifurcation curve c1 and a subcritical saddle-node bifurcation curve c2 of the fixed
points of Eq. (20) as follows:
c1;2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2XðX2 þ 9d2x2

0Þ � 2ðX2 � 3d2x2
0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � 3d2x2

0

q
27b0

vuut
0 6 x 6 1:2161; r ¼ 1

2
;

0 6 x 6 1:1460; r ¼ 1
3
;

0 6 x 6 1:1093; r ¼ 1
4
;

0 6 x 6 1:0867; r ¼ 1
5
:

8>>><
>>>:

ð31Þ
From the averaging theorem [20], a stable resonant harmonic appears near the curve c1 and a stable non-resonant
harmonic disappears near the curve c2.

Seen from Fig. 4(a), there exist different saddle-node bifurcation curves corresponding to different values of param-
eters r, and the range of frequency x will decrease gradually with the decrease of r.

Case II. At the left-hand center (�1/r, 0).
Due to the asymmetry between the left-hand center and the right-hand one, we give other parameters related to the

left-hand side center (�1/r, 0) as follows:
a1 ¼ 1þ 1

r
; a2 ¼ �ð2þ rÞ; a3 ¼ r;

b0 ¼ �
rð10r2 þ 31rþ 31Þ

12ðrþ 1Þ < 0 ðr > 0Þ; x0 ¼
ffiffiffiffiffi
a1

p
:

ð32Þ
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Also, we have the following two saddle-node bifurcation curves of the fixed points of Eq. (20) shown in Fig. 4(b):
c3;4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2XðX2 þ 9d2x2

0Þ � 2ðX2 � 3d2x2
0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � 3d2x2

0

q
27b0

vuut
0 6 x 6 1:7234; r ¼ 1

2
;

0 6 x 6 1:9913; r ¼ 1
3
;

0 6 x 6 2:2274; r ¼ 1
4
;

0 6 x 6 2:4408; r ¼ 1
5
;

8>>><
>>>:

ð33Þ
where c3 corresponds to a supercritical saddle-node bifurcation curve, and c4 is a subcritical saddle-node bifurcation
curve of the fixed points of Eq. (20). Different with that case in right-hand center, there exist different saddle-node bifur-
cation curves corresponding to various parameters r. The range of the frequency x will increase gradually with the de-
crease of r.

Fig. 4(c) shows that the parameter plane (x,c) can be divided into different parts resulting from different saddle-node
bifurcation curves corresponding to the left-hand and the right-hand centers, and in each part there exist different fixed
points of Eq. (20). Therefore, from the averaging theorem [20], these fixed points of Eq. (20) correspond to different
harmonics of Eq. (5).

The advantage using the second-order averaging method is to obtain the local bifurcations at two different centers of
the system, separately. These results show that the local saddle-node bifurcations are asymmetric with respect to differ-
ent parameter values r at the left-hand and the right-hand centers. The regions resulting from the left-hand saddle-node
bifurcation curves will produce the transition toward the right when the parameter r (r < 1) decreases; when r = 1, the
right-hand saddle-node bifurcation curve and the right-hand one are the same. The region resulting from the right-hand
saddle-node bifurcation curves will be transformed to the left-hand when the parameter r (r < 1) decreases.

When r > 1, there exist still two different centers at (�1/r, 0) and (1,0), and the results are similar with that when
0 < r < 1, so we omit the related discussion.
4. Melnikov analysis

To study the global bifurcation, we are mainly concerned with the Melnikov analysis [21,22]. First, a new variable is
introduced as / = xt, and _/ ¼ d/=dt ¼ x, so we can rewrite Eq. (5) in an extended form as
_x ¼ y;
_y ¼ x� ð1� rÞx2 � rx3 � dy þ c cosð/Þ;
_/ ¼ x:

ð34Þ
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Poincaré section R may be taken as
R ¼ fðx; y;/Þ 2 R2 � S1j/ ¼ 0g; ð35Þ
in which S1 is a unit circle with longitude 2p, and the phase space of Eq. (34) is R2 · S1, then the Poincaré map can be
defined as
P : ðxð0Þ; yð0ÞÞ ! ðxðT Þ; yðT ÞÞ; ð36Þ
where (x,y,/) = (x(t),y(t),xt) is a solution of Eq. (34), and T = 2p/x.
The Melnikov function is defined as follows:
M r;lðt0Þ ¼
Z 1

�1
yr;l

0 ðtÞ �dyr;l
0 ðtÞ þ c cos xðt þ t0Þ

� �
dt

¼ �d
Z 1

�1
yr;l

0 ðtÞ
� 	2

dt � c sinðxt0Þ
Z 1

�1
yr;l

0 ðtÞ sinðxtÞdt

 �

¼ �dBr;l � c sinðxt0ÞI r;lðxÞ; ð37Þ
where
Br;l ¼
Z 1

�1
yr;l

0 ðtÞ
� 	2

dt;

I r;lðxÞ ¼
Z 1

�1
yr;l

0 ðtÞ sinðxtÞdt:
ð38Þ
Suppose that the Melnikov function has a simple zero point, then the homoclinic bifurcations can be deducted from Eq.
(37) as follows:
cr;l
crhðxÞ ¼

dBr;l

I r;lðxÞ
; ð39Þ
where the subscripts ‘‘crh’’ stands for the critical homoclinic bifurcation value.
In general, cr

crhðxÞ 6¼ cl
crhðxÞ when the asymmetric parameter r 5 1.

According to Melnikov’s theory [21,22], if there exists a simple zero point t0 of the Melnikov function Mr,l(t0), then
there exist the homoclinic intersections on the left and right parts of the phase space if and only if cr;lðxÞ > cr;l

crhðxÞ is
satisfied, where cr,l(x) represents an amplitude coefficient that is larger than the right-hand and the left-hand critical
homoclinic bifurcation values in the frequency–amplitude parameter plane (x,c).

Thus, two homoclinic bifurcation curves cr;l
crhðxÞ can be obtained in the frequency–amplitude parameter plane (x,c),

respectively. The frequency–amplitude parameter plane (x,c) can be divided into three parts: one is the zone where both
the left-hand and the right-hand homoclinic intersections do not occur (below the two critical curves); one is the zone
where only the left-hand or the right-hand homoclinic intersection occurs (one is below a critical curve and the other is
above another critical curve); one is the zone where both the left-hand and the right-hand homoclinic intersections
occur (above the two critical curves), and according to the Smale–Birkhoff homoclinic theory, Eq. (34) exhibits chaotic
motions.

We fix the damping coefficient d = 0.1 and let the frequency x varying in the range (0,4), and then take different
values of parameter r. The parameter plane (x,c) can be divided into different parts shown in Fig. 5. Due to
cr

crhðxÞ 6¼ cl
crhðxÞ, there exist two different homoclinic bifurcation curves with respect to each r (r 5 1).
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Fig. 5. Homoclinic bifurcations with respect to various values of parameter r, where (a) r < 1; (b) r > 1.
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Fig. 6. Symmetric functions with respect to various values of parameter r, where (a) r < 1; (b) r > 1.
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In Fig. 5(a), all homoclinic bifurcation curves are obtained from Eq. (39) with respect to some representative param-
eters r < 1, while Fig. 5(b) corresponds to other homoclinic bifurcation curves when r > 1. And for the sake of com-
parison, the solid curve denotes the homoclinic bifurcation curve when r = 1.

From Fig. 5, it is shown that when the parameter r 5 1, the left-hand and the right-hand homoclinic bifurcations
are asymmetric. In particular, there always exist a critical frequency xc, at which the left-hand homoclinic bifurcation
value is equal to the right-hand homoclinic bifurcation value; in addition to the critical frequency xc, the left-hand
homoclinic bifurcation value is different to the right-hand one. When r < 1 and x < xc, cl

crh > cr
crh; while if x > xc, then

cl
crh < cr

crh. The results are just reversed when r > 1.
To further study the difference between the left-hand and right-hand homoclinic bifurcations, a symmetric function is

defined by the following equation:
sðxÞ ¼ cr
crhðxÞ � cl

crhðxÞ: ð40Þ
Fig. 6 presents the symmetric function with respect to different values of parameter r, in which one can clearly see
that when the parameter r < 1, the symmetric function is a monotonously increasing function, while when the param-
eter r > 1, the symmetric function becomes a monotonously decreasing function. There exist always a critical frequency
xc, by which each symmetric function has a zero point, which means that the left-hand homoclinic bifurcation value is
equal to the right-hand homoclinic bifurcation value at the critical frequency xc. In addition to the critical frequency
xc, the left-hand homoclinic bifurcation value is different to the right-hand one.

Seen from Fig. 6(a), note that when r < 1 and x < xc, the homoclinic bifurcation value will increase with the increase
of r; while when x > xc, the homoclinic bifurcation value will decrease with the increase of r. These results are just
reversed when r > 1. Thus, the symmetry parameter r can affect the occurrence of homoclinic intersections as r varies.
In general, the occurrence is always non-synchronization between the left-hand homoclinic manifolds and the right-hand
ones. Due to the asymmetry, much attention should be placed on the large homoclinic bifurcation value. Making use of
these results, the local transversal intersections of the left-hand homoclinic manifolds or the right-hand ones can be sup-
pressed or induced by adjusting the symmetric parameter r in advance. In view of these results above, two scenarios con-
cerning the local and global stabilities of the system can be considered in the following numerical simulations.
5. Numerical simulations

In this section, we will plot the skeletons and the basins of attraction of the Helmholtz–Duffing oscillator corre-
sponding to two cases, and see what happen under the effect of the symmetric parameter r.

5.1. Local stability

At first, we consider the first case when r < 1 and x = 1.

5.1.1. The skeletons of the system

When r = 1/2, from Eq. (39), the left-hand and the right-hand homoclinic bifurcation values are cl
crh ¼ 0:1679, and

cr
crh ¼ 0:0723, respectively. The left-hand homoclinic bifurcation is approximately 2.3 times of the right-hand one.

When cl
crh ¼ 0:1679, this is a larger homoclinic bifurcation than the right-hand homoclinic bifurcation value. So seen

from Fig. 7(a), when the left-hand stable and unstable manifolds are tangent, the right-hand stable and unstable man-
ifolds have produced the intensively transversal intersections.
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On the other hand, if we take the small right-hand critical homoclinic bifurcation value cr
crh ¼ 0:0723, then we see

that from Fig. 7(b), although the right-hand stable manifold and unstable manifold are in the tangent state, the left-
hand stable and unstable manifolds are in the separation state. Therefore, the effect resulting from the small homoclinic
bifurcation for the global dynamics of the system is local, and the system is still in a kind of stability state.

If we take c ¼ 0:4 > cl
crh, then seen from Fig. 8(a), the left-hand homoclinic manifolds have produced the transversal

intersections, and the intensity of transversal intersections of the left-hand homoclinic manifolds is quite larger than the
right-hand one. Under this situation, the global stability of the system could be destroyed. If we take c = 0.1 between
cl

crh and cr
crh, then seen from Fig. 8(b), although the right-hand homoclinic manifolds have produced the transversal

intersections, the left-hand homoclinic manifolds are still in the separation state. That is to say, if we take the amplitude
coefficient c between the small right-hand critical homoclinic bifurcation and the large left-hand one, then the global
stability of the system does not receive much more influence.

If we decrease the parameter r to 1/4, then the left-hand and the right-hand homoclinic bifurcations are
cl

crh ¼ 0:4132, and cr
crh ¼ 0:072, respectively. At this situation, the left-hand homoclinic bifurcation is approximately

5.74 times of the right-hand one. Seen from Fig. 9, the similar case occurs as that shown in Fig. 7, but there is a little
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difference. The size of the left-hand homoclinic tangle shown in Fig. 7 is less than the size of the left-hand one
shown in Fig. 9 when r = 1/4. So with the increase of parameter r, the effect for the left-hand homoclinic tangle will
be weaken.

If we change the above case from r < 1 into r > 1, then the similar situation occurs as those when r < 1. The detailed
variations can be seen from Figs. 10 and 11.
5.1.2. The basins of attraction

In the above subsection, we plot the skeleton of the Helmholtz–Duffing oscillator when the parameter r varies, and
we obtain various patterns between the stable and unstable manifolds of the Poincaré map. In this subsection, the
basins of attraction will be used to further observe what happen from the global point of view.

Two cases will be considered as follows.
Case I. When r = 1/4, we take the corresponding left-hand homoclinic bifurcation value as cl

crh ¼ 0:4132. Seen from
Fig. 12(a), there exist three different attractors, in which one is attracted to the right-hand potential well; one is attracted
to the left-hand potential well; and the third one is located in the middle-upper part of the basin of attraction. Due to
cl

crh > cr
crh ¼ 0:072, the boundaries of the right-hand and the middle-upper attractors cause the weak fractal-like struc-

ture, while the right-hand homoclinic tangle of the Poincaré map has eroded the right-hand potential well and the mid-
dle-upper part of the basin of attraction. Different with the right-hand case, the left-hand attractor has no any erosion
phenomenon occurring and its boundary is basically smooth.

If we increase the amplitude coefficient to c = 2, which is far larger than the above both-side critical homoclinic
bifurcation values, then seen from Fig. 12(b), the severe erosion phenomenon occurs in the right-hand potential well.
At the same time, the left-hand potential well has been penetrated partly by the right-hand homoclinic tangles.

If we take the relatively small right-hand homoclinic bifurcation as cr
crh ¼ 0:072, then we see three attractors shown

in Fig. 12(c). Their boundaries of the three attractors are smooth. And there exist a huge difference in sizes between the
left-hand and right-hand attractors.

Case II. When r = 4, we take the left-hand homoclinic bifurcation as cl
crh ¼ 0:018 and the right-hand homoclinic

bifurcation as cl
crh ¼ 0:1012. Seen from Fig. 13, the basic patterns are the similar as those shown in Fig. 12.
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Fig. 13. The basins of attraction with respect to parameters r = 4 and x = 1, where (a) cl
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Fig. 12. The basins of attraction with respect to parameter r = 1/4 and x = 1, where (a) cl
crh ¼ 0:4135; (b) c = 2; (c) cr

crh ¼ 0:072.
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5.2. Global stability

5.2.1. The skeletons of the system

For simplicity, we can only consider one case when r = 1/2. From Melnikov analysis, there exists a critical frequency
xc = 2.378, by which the left-hand and the right-hand homoclinic bifurcations attain the same value,
cl

crh ¼ cr
crh ¼ 0:3835. The skeleton shown in Fig. 14(a) demonstrates that the left-hand and the right-hand stable and

unstable manifolds of Poincaré map are in the tangent state, simultaneously.
If we further increase the homoclinic bifurcation value to c = 0.5, then the left-hand and the right-hand stable and

unstable manifolds of Poincaré map will lead to severely transversal intersections. Fig. 14(b) identifies this fact.

5.2.2. The basins of attraction

Corresponding to the skeleton shown in Fig. 14, the basins of attraction are given in Fig. 15. As we first see from
Fig. 15(a), the critical global homoclinic bifurcation value is ccrh = 0.3835 at the critical frequency xc = 2.378. The
boundaries of the left-hand and the right-hand attractors cause a little fractal-like structure. When the parameter c
is increased to 0.5, seen from Fig. 15(b), the fractal boundaries of the left-hand and right-hand attractors are much more
obvious than that presented in Fig. 15(a). The right-hand internal erosion of the potential well is also much more obvi-
ous than that shown in Fig. 15(a). It demonstrates that the original stable and bounded oscillations have escaped from
the right-hand potential well. At the same time, the left-hand internal erosion phenomenon of the potential well also
occurs.



Fig. 15. The basins of attraction with respect to parameters r = 1/2 and xc = 2.378, where (a) c = 0.3835 and (b) c = 0.5.

Fig. 16. (a) The skeleton of stable and unstable manifolds, and (b) the basin of attraction with respect to parameters r = 1/2,
xc = 2.378, and c = 1.
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If the parameter c further increase. The detailed patterns can be seen from Fig. 16. Note that the amplitude coeffi-
cient is only half of that in Fig. 12(b), but the intensity of the global instability shown in Fig. 16(b) is larger than that in
Fig. 12(b). Thus, if a relatively large amplitude coefficient is taken as a control parameter at the critical frequency xc,
then the global stability of this system will be destroyed at a lowest cost. Otherwise, under the case of the asymmetric
homoclinic bifurcation when x 5 xc, the same effects can be realized but it must be paid at a largest cost.
6. Conclusions and discussion

We have investigated various symmetry breaking phenomena in a general Helmholtz–Duffing oscillator when a sym-
metric parameter varies. These symmetry breaking phenomena are strongly dependent on the symmetry parameter.
Due to the variation of the symmetry parameter, the phase space patterns of the unperturbed system, the local sad-
dle-node bifurcations, and the global homoclinic bifurcations can be represented as different function relations of
the symmetry parameter.
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All results can be traced back to the basic fact that the left-hand side areas of the homoclinic orbits of the unper-
turbed Helmholtz–Duffing oscillator can produce the substantial changes from zero to infinity when r varies, while the
right-hand side areas of homoclinic orbits can remain in the relatively stable state.

Due to this basic fact, when the symmetric parameter varies, the symmetry breaking phenomena are always existing
besides the case r = 1, including the variation of the patterns of the phase space portraits of the unperturbed system, the
transition of the local saddle-node bifurcations in the frequency–amplitude plane, as well as the non-synchronistic
transversal intersections induced by different homoclinic bifurcations between the left-hand homoclinic orbit and the
right-hand one.

One of our main findings demonstrates that much attention should be paid on the case that both sides can attain the
same homoclinic bifurcation value at some critical frequency. Corresponding to the same homoclinic bifurcation value,
the stable and unstable manifolds of the Poincaré map will cause the synchronic tangency in both sides of potential
wells. If we take the amplitude coefficient as a control parameter, which is quite larger than the same critical homoclinic
bifurcation, then both sides will lead to the severely synchronic transversal intersections between the stable and unstable
manifolds of the Poincaré map. The numerical simulations identify that if this kind of global homoclinic tangle occurs,
then the erosions occurring in both sides of the potential wells will lead to the fractal-like boundaries of the basins of
attraction. And the original stable and bounded oscillations will escape from both sides of potential wells. Finally, the
global stability of the system will be destroyed.

In addition, the effects for the system’s stability resulting from asymmetric homoclinic bifurcations are different. The
small homoclinic bifurcation does not affect the global stability of this system even though the one-side homoclinic tan-
gle occurs. Thus the effect resulting from the small homoclinic bifurcation for the system’s stability is local and negli-
gible. The large homoclinic bifurcation can lead to the instability of the global system, but this is accomplished at a
quite larger cost. Usually, the amplitude coefficient must be taken as large as possible. Different with the case, the same
critical homoclinic bifurcation value is an optimal value. If the amplitude coefficient is larger than the same critical
homoclinic bifurcation value, and can be used to be a control parameter at the critical frequency, then the system’s
global stability will be destroyed at a lowest cost.
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